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Using Kummer’s criteria we show that if the first case of Fermat’s last theorem 
fails for the prime p, then there exist irregular pairs satisfying certain relations. 
INTRODUCTION 
In 1857, Kummer [2] showed that ifp is an odd prime and if the equation 
P + yp + zp = 0 (0.1) 
is satisfied in integers x, y, z prime to each other in the first case (i.e., in the 
case p Cxyz), then 
B,,[log(x + ef’+)]bp--2”) = 0 (mod p) (0.2) 
for n = 1, 2 ,..., (p - 3)/2, where Bi is the Bernoulli number of even index; the 
symbol [X(U)]!’ means the ith derivative of X(u) with respect to u and L’ = 0 
substituted in the result. The above criterion (0.2) becomes 
1 
B-- 
2n 1 - te” L 1 
(P-2n-1) 
= 0 (mod p) CO.3 1 o 
for 12 = 1, 2,..., (p - 3)/2, where t = --y/x. By symmetry t is a root of (0.3) if 
t E G = (-y/x, -x/y, -z/y, -y/z, -x/z, -z/x 1. 
By the assumptions, we have t f 0, 1 (mod p) for each value of t in G. 
In the present paper we shall investigate Eq. (0.1) in the first case using 
(0.3) and give some results. 
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1. SOME PRELIMINARIES 
If t = -y/x, then the elements of G are congruent modulo p to those of the 
set 
H = {t, l/t, 1 - I, l/(1 - t), (t - 1)/t, t/(t - 1) mod p). 
Let 1 H / be the number of the elements in H. If t = 2, j, -1 (mod IT), then 
/HI=3 and H= (2,4, -lmodp}. If f2-C+ 1-O (modp), then lHl=2. 
In all other cases the six roots in H of (0.3) are distinct, hence /HI == 6. 
Second. we set 
U(v) = l/(1 - fe”), V(v) = l/(1 - te-l‘) 
and 
(J(n) = 
0 
We shall prove 
I W)lb”‘~ vb”’ = [ V(v)] b”‘. 
LEMMA 1. Let f f 1 (mod p). Then Ubp-” = 0 (mod p). 
Proof: Since 
q/-” = [l/(1 - kqbp-” 
E [(I - f”e”“)/(l - fe”)] 6”.-1’ + If”@“(l/(l - t&‘))]bP- ” 
rt+2p-If*+ es. + (p - l)P-‘fP-l + fPU6Pt1’ (mod p), 
we have 
ubp-” E (f f f2 + ... +tPP’)/(l -f)-0 (modp). 
LEMMA 2. Let t f 1 (mod p). Then Ubptk’ = Ukkt ‘) (mod p) for 
k = 0, l,.. ., p - 1. 
ProoJ For n > 1 we have 
Ur’ = [l/( 1 - fe’)]~’ = [ 1 + fe”(l/(l - fe”))]r’ 
which gives 
n-1 f 7 n U(n) = __ 
0 l--fko i ( 1 
Ub”. (1.1) 
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We shall give the proof by induction on k. Clearly, the lemma is true for 
k = 0, 1. Let Y > 3 and assume that the lemma holds for k < r - 1. From 
(1.1) we have 
Ubp+j’ (mod p), 
since ( pt’) = ( ,“,:Li) z (;) (mod p) for i= 0, l,..., r, and also (“F’) = 0 
(mod p) for i = r + 1, r + 2,..., p - 1. Hence, by our hypothesis, it follows 
that 
j-JlP+rl 
0 
U”’ s Ui,” ” (mod p), 0 
which shows that the lemma is also true for k = r. 
LEMMA 3. Let r # 1 and T,(o) = U’“(u) + (-1)’ V’“(r)). Then 
[ Ti(v)];,“’ = 0 if n is odd, 
= 2r/ri i) if n is eoen. 
Proof: Since Ur’ = (-1)” Vr’ (see Lemma 5 in 11 I), we have 
[ T,(v)lb”‘= ub”+” + (-l)‘v;+i’ 
= @7+“+ (-l)nt?iu;,nti’. 
Hence we can obtain our statement. 
For brevity, put 
W(m; r,, rz ,..., ri) = 2’ 
i 
m 
r 
I’ 
r 
l,..., ri i I’r C1’ 
for non-negative integers m, rl , r2 ,.... ri such that m = r, + r? + ... + ri 
LEMMA 4. Let t # 1 and T,(v) be as in Lemma 3. Then, for n > 1, 
1 T;(v)]~“’ = \’ W(2n; 2r,, 2r,. 2r,) 
o<r,.r2.r1 
+6 [ T;(v)]r”’ - 24 (&I ’ U;“‘) (1.2) 
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and 
1 T~(tq~2”’ = 7 W(2n; 2r,, 2r,, 2r,, 2r,) 
Oir,.r~,r,.r, 
- 24 ’ [ T’&I)];~“’ + 64 (A) 3 U:‘“‘. (1.3) 
where T;(o) = (T,(u)}’ (i = 2, 3.4). 
Proof Clearly, if r, = rz = . +. = ri = 0 with j < i, then it follows that 
W(2n; r,, rz ,..., ri) = 2j(Ub”‘)j W(2n; rj+ , , rj+2 ,..., ri), 
since \To(v)]y’ = 2Ur’. Using Leibniz’s theorem and Lemma 3 we have 
Pm10 I ml=2 \‘ W(2n; 2r,, 2r,) + A + 2 W(2n; 0. 2n), (1.4) 
o<r,<rz 
where A = 0 if 21;n, W(2n; n, n) if 2 1 n. Similarly, from (1.4), 
[T;(p)];?“’ = \‘ W(2n; 2r,, 2r,, 2r,) 
Ucrl.rz.rz 
$6 \’ W(2n; 0, 2r,, 2r,) + 3A ’ + 3 W(2n; 0, 0,2n) 
O<Q<’ 
= \’ - W(2n; 2r,, 2r,, 2r,) 
n<r,.r~.r, 
+ 3(2U~‘)[T;(u)]~“’ - 3(2U~‘)2(2U:2”‘), (1.5) 
where A’ = 0 if 2,/‘n, W(2n; 0, n, n) if 2 1 n, i.e.. A’ = (2Uh”)A. Putting 
Ur’ = I/( 1 - t), this gives (1.2). Also we have 
p&q];*“’ = x W(2n; 2r,, 2r,, 2r,, 2r,) 
ocr~.r~.rj.i-~ 
+ 24 \’ W(2n; 0, 2rz, 2r,, Zr,) 
o<r~cr~/1.~ 
$12 \’ W(2n; 0,2r,, 2r,, 2r,) 
o<r2ir, 
f12 \‘ - W(2n; 0,2r,. 2rz, 2r,) 
o<rzr r4 
+4B” + 12 \’ W(2n; O,O, 2r,. 2r,) 
oir,,<rl 
+ 6A” + 4 W(2n; 0. 0, 0,2n), (1.6) 
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where B” = 0, W(2n; 0. 2n/3, 2n/3, 2n/3) for 3kt2, 3 / IL and A” = 0, 
W(2n; 0, 0, n, n) for 2Cn. 2 1 n, respectively. Since 
\‘ W(2n; 2r,. 2r,, 2r,) = 6 \‘ W(2n; 2r,, 2rz, 2r,l) 
o-r,,‘~.‘, o<r,< r2- r, 
$3 \‘ W(2n; 2r,, 2r2, 2r,) 
o< r,fl i-, 
+3 \’ W(2n; 2r,, 2r,, 2r,) + B’ 
o\r,c r-1 
with B’ = 0 if 3Cn, W(2n; 2n/3, 2n/3,2n/3) if 3 1 IZ, combining (1.6) with 
(1.4), (1.5) it follows that 
1 T;(u)];*“’ = L W(2n; 2r,, 2r,. 2r,, 2r,) + 4(21/:“)[ T:(V) lb*“’ 
oc r,.r?,r1,rJ 
- 6(2#“)*/T;(v)];*“’ + 4(2@“)‘(2U;*“‘), 
which gives (1.3) by substituting Uj,“’ = l/( 1 - f). 
A pair (p, 2k) is called irregular if p divides the numerator of Bza, where 
2k is an even integer between 1 and p - 2. 
LEMMA 5. If the pairs (p, 2k) and (p, p - 1 - 2k) are irregular, then 
\‘ m2ks(m, r) = -I (mod p). 
m- 2 
(1.7) 
where r E ( 1, 2..... p - 1 1 and s(m, r) is a positive integer such that 
ps(m, r) E r (mod m). 1 < s(m, r) 6 m. 
Proof: Put y(m, r) = r’ (c - l)/(i” - 1) with m > 2. where 2 ranges 
over all mth roots [(#l) of unity. We have the following relation involving 
two Bernoulli numbers which is due to Vandiver I3,4 1: 
B p-- I 2k + I p- 1-2k 
p-1-2k3 x m2ky(m, r) (mod p). 
m= 2 
On the other hand, we have 
y(m,r)=\“(i’- I>/(?- 1) 
= y ((y-r _ 1 )/J(P - 1) 
= \” (js(m.r1 _ l)/(i- l)=m-s(m,r), 
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which contains the special case for m / r. In fact, if m j r, then s(m, r) = m 
from the definition of s(m, I), i.e., r(m. r) = 0 for m / r. By the assumptions it 
follows that 
P-l 
0~ x m2k(m-s(m,r)) 
m=2 
E -1 - x mlks(m, r) (mod p). 
m-2 
since p - 1 k2k + 1, so that Cz:\ m 2k+’ s 0 (mod p). This completes the 
proof of the lemma. 
2. MAIN RESULTS 
Now suppose that Eq. (0.1) holds for integers x, y, z prime to each other 
in the first case. If t = -1 (mod p), then we can take t = 2 (mod p) instead 
oft=-1 (modp),sincexf?,+z=O(modp). 
First. we shall prove 
THEOREM. Let p be an odd prime >3 and i E (2. 3.4). If Eq. (0.1) holds 
for integers x, y, z prime to each other in the j?rst case, then there exists at 
least one i-tuple (k,, k, ,.,., ki) E Z’ (Cartesian product of integers) such that 
the pairs (p, 2k,), (p, 2k,),..., (p, 2k,) are irregular and Jzi.-, kj = 
(i - 1 )(p - 1)/2, 0 < kj (j = 1, 2 ,..., i) < (p - 1)/2. 
ProojY Let Ti(u) be as in Lemma 3. To prove the theorem we shall utilize 
the following three identities: 
(2.2) 
6 
Gw = - (1 _ p)* + 
i 
6 1 + (1 _ t2)2 To(u) 
I 
+ ;+ 
i 
3 
i-2 i 
T,(u) + + T,(v), 
14 + 6t2 
mu)=- (l -t*)3 + 1 + 
1 
14 + 6r2 
(1 _ t2)3 Tdv) 
t 
11 12 - 2t2 
+ 6+ {l -t2)2 /T,(u)+ 11 +&T/ 
T&) + + T,(U) (2.3) 
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for t # f 1. Applying Leibniz’s theorem to (2.1), (2.2), (2.3 ) we have, from 
Lemmas 1, 2, and 3, 
lr;(u)Jb”-‘k \‘ 
“<k&n 
W(p- 1;2k,,2k,) 
2t 
=2Ubp’- (, -t)2 (modp), (2.4) 
[7-&)]~-‘k 2: W(p- l;2k,,2k2.2k,) 
(2.5 ) 
O<k,.k2.k,c n 
r3 )1+-J-J uy+upJ+” 
_ 2t(5 + t - t*) 
(1 + t)(l - t)3 
(mod p), 
‘) c \‘ 
- W(p- l;2k,,2k,,2k,,2k4) 
O<hl.h,.ki,k,- c> 
‘++4 
j 6-t’ 
1 (1 -p)* Ub”’ i 
$2 )1+&i uY+“+&b’+?’ 
= 6t(l7+7t-2t’-t3+f4) 
- 
(1 + t)‘(l - 1)” (mod P). (2.6) 
where a = (p - 1)/2. 
We shall show that, for each i = 2, 3, 4, there is a root t of (0.3) for which 
[ TfJu)ly-” f 0 (mod p). (2.7) 
(2.7) with i = 2 is trivial from (2.4). Next, put fi(t) = 5 + t - t’ and fi(t) = 
17 + 7t - 22’ - t3 + t4. Since each degree of fi(t) and f*(t) is less than 6, 
there is in the case IHI = 6 such a root t of (0.3) thatf,(t) f 0 (mod p), and 
also a root with f*(t) f 0 (mod p). In the case H = (2, f , - 1) the root t = 2 
(mod p) fulfills the same conditions (t 3 -1 (mod p) is excluded above). It is 
in fact f,(2) = 3 (mod p), j”>(Z)= 3 . 31 (mod p) and Eq. (0.1) has no 
solutions for p < 31. In the case t* -t+ 1-O (modp). we havef,(t)= 
-(t* - 1+ 1) - 4 F -2* (mod P) and f*(t) = 3(t’ - 3)(t” - f + 1) + 
12t+60r2’.3(t+5)(modp),whichgivep=2,3andt--S(modp).If 
t z -5 (mod p), then ( - 5)* - (-5) + 1 = 3 1. Consequently, (2.7) has been 
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shown for i= 3,4. From (2.4), (2.5) and (2.6) it follows that there exists at 
least one i-tuple (k, , kz ,..., ki) E Z’ for each i = 2, 3,4 such that 
i.e., such that 
W(JJ - 1; 2k,, 2k, ,..., 2ki) f 0 (mod P). 
0 < k, 3 k,,..., ki < CT, 
Uakj’ f 0 (mod p), j = 1, 2 ,..., i, 
+ k.=a, - J O<k,,k: ,..., k,<a. 
.i- 1 
By making use of (0.3) we have, if kj (j = 1, 2 ,..., i) # 0, 
B p-2+=0 (modp), 
i.e., a pair (p, p - 2kj - 1) is irregular. Here 
(2.8) 
(2.9) 
(’ (p-2k,- l)=(i- l)(p- 1). 
,T, 
To complete the proof we have only to show that, for each i == 2, 3.4, 
there exists at least one (k,, k,,..., ki) E Z’ satisfying (2.8) with ki 
(j = 1, 2,.... i) # 0. In the case i = 2, it is clear that from Lemma I all of 
(k,, k,) E Z2 which satisfy (2.8) are for k,, kz # 0. Suppose that, for each 
i = 3,4, all of (k,, k, ,..., ki) E L’ with 0 < k,, kz ,..., ki < a do not satisfy 
(2.8) for a root t of (0.3). Then, by using Lemma 1 and (1.2) with n = a our 
supposition for i = 3 induces the following 
which gives g,(t) = 1 + 5t + t2 = 0 (mod p) from (2.4), (2.5). Similarly, by 
Lemma 1 and (1.3) with n = a we have, in the case i = 4, 
which gives g,(t) = 35 + 21t + 18t2 + 5t” + 3t’ = 0 (mod p) from (2.4) 
(2.5), and (2.6). By the same arguments as mentioned above for f,(t) and 
f2(t) we shall show that g,(t), g2(t) f 0 (mod p). Each degree of g,(t), g2(t) is 
less than 6, so that in the case ) H) = 6 a root t of (0.3) satisfies g,(t) f 0 
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(mod p), and also g2(1) f 0 (mod p). In the case H = (2, i, -1 } we have 
g,(2) c 3 . 5 (mod p), g,(2) G 3 . 79 (mod p), however, Eq. (0.1) is 
impossible for p ,< 79. In the case f’ - t + 1 = 0 (mod p), g,(t) = 
(t’ - t + 1) + 6t = 2 . 3t (mod P ), g?(t) = (3t’ + 8t $ 23)(t’ - t + 1) + 
36t + 12 z 2’ . 3(3t + 1) (modp), which yield p = 2, 3 and 3t = -1 
(mod p). If 3t = -1 (mod p), then we have p = 13. Consequently, it follows 
that g,(l) f 0 (mod p) and g*(f) f 0 (mod p), which contradict the above. 
Therefore, we can say that, for each i = 2, 3, 4, there is at least one 
(k, , k2 ,..., ki) E J:’ satisfying (2.8), that is, (2.9) with kj (j = 1, 2 ,.... i) # 0. 
This completes the proof of the Theorem. 
In the Theorem, it is not always necessary that the irregular pairs (p, 2k, ). 
(p. 2kz )...., (p, 2k,) are all distinct. We can easily confirm the existence of 
two distinct irregular pairs in them having the properties mentioned in the 
Theorem, if p f 1 (mod 4) for i= 2, p f 1 (mod 3) for i = 3. and p I 1 
(mod8) for i=4. 
Evidently. from the Theorem we have 
COROLLARY 1. Let p be an odd prime >3 and i E { 2,3,4). If at least 
one of the pairs (p, 2k,), (p, 2k,) ,..., (p, 2k,) is not irregular for all 
i-tuples (k , . k, . . . . . k;) E i’ such that Ci , ki = (i- l)(p - 1)/2, 0 < k, 
(j= 1, 2...., i) < (p - 1)/2, then Eq. (0.1) has no solutions in the first case. 
And also from Lemma 5 and the Theorem for i = 2 we can state 
COROLLARY 2. Let p be an odd prime >3. If the congruence (1.7) of 
Lemma 5 does not hold for all k = 1, 2,.... 2[ (p - 1)/4 1, then Eq. (0.1) has 
no solutions in the first case, where the symbol [(p - 1)/4 1 means the 
greatest integer in (p - 1)/4. 
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